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Abstract
Metric-affine theories of gravity provide an interesting alternative to General
Relativity: in such an approach, the metric and the affine (not necessarily
symmetric) connection are independent quantities. Furthermore, the action
should include covariant derivatives of the matter fields, with the covariant
derivative naturally defined using the independent connection. As a result,
in metric-affine theories a direct coupling involving matter and connection is
also present. The role and the dynamics of the connection in such theories
is explored. We employ power counting in order to construct the action and
search for the minimal requirements it should satisfy for the connection to
be dynamical. We find that for the most general action containing lower
order invariants of the curvature and the torsion the independent connection
does not carry any dynamics. It actually reduces to the role of an auxiliary
field and can be completely eliminated algebraically in favour of the metric
and the matter field, introducing extra interactions with respect to general
relativity. However, we also show that including higher order terms in the
action radically changes this picture and excites new degrees of freedom in
the connection, making it (or parts of it) dynamical. Constructing actions
that constitute exceptions to this rule requires significant fine tuned and/or
extra a priori constraints on the connection. We also consider f(R) actions
as a particular example in order to show that they constitute a distinct class
of metric-affine theories with special properties, and as such they cannot be
used as representative toy theories to study the properties of metric-affine
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1. Introduction
In general relativity spacetime geometry is fully described by the metric.
That is to say, the metric does not only define distances, which is its primary
role, but also defines parallel transport, as it is used to construct the Levi-
Civita connection. However, in principle this does not have to be the case.
The metric and the connection can be independent quantities. In this case
one would need field equations that would determine the dynamics of both
the metric and the connection.
How can one construct such a theory? In some textbooks, see for exam-
ple Refs. [1, 2], an independent variation with respect to the metric and the
connection of what is formally the Einstein–Hilbert action is considered as
an alternative way to arrive to Einstein’s equations. This variation is called
Palatini variation. Indeed the variation with respect to the connection leads
to a non-dynamical equation fixing the latter to be equal to the Levi-Civita
connection of the metric, and under this condition the field equations for
the metric become Einstein’s equations. However, there is a very crucial im-
plicit assumption: that the matter action does not depend on the connection.
This is equivalent to assuming that covariant derivatives of matter fields are
defined with the Levi-Civita connection of the metric instead of the indepen-
dent connection. Then the independent connection does not really carry the
geometrical meaning described previously, see Refs. [3, 4] for a discussion.
Note that if one allows the connection to enter the matter action, the
resulting theory is no longer general relativity [5]. Additionally, one can
easily argue that within a metric-affine setting the Einstein–Hilbert form of
the action is not necessarily well motivated anyway: under the assumption
that the connection is the Christoffel symbol of the metric, the Einstein–
Hilbert action is indeed the unique diffeomorphism invariant action which
leads to second order field equations (modulo topological terms and total
divergences). However, this is not the case if the connection is allowed to be
independent and it is not assumed to be symmetric: in this case there are
other invariants one should in principle include in the action, even with the
same dimensions as the Ricci scalar.
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The situation gets more complicated once one decides to consider the role
of higher order terms. Again, such actions have been studied mostly under
the simplifying but geometrically unappealing assumption that the connec-
tion does not enter the matter action. Such theories are dubbed Palatini the-
ories of gravity. Particular attention has been payed to f(R) models, i.e. to
actions where the Lagrangian is some algebraic function of the Ricci scalar of
the independent connection, R. Such actions were introduced and initially
studied by Buchdahl [6]. They have recently attracted a lot of interest as
possible infrared modifications of general relativity [7] (see Refs. [8, 9, 10] for
reviews). However, Palatini f(R) gravity models with infrared corrections
with respect to GR have been shown to be non-viable for various reasons:
they are in conflict with the standard model of particle physics [11, 12] and
they violate solar system tests as their post-Newtonian metric has an al-
gebraic dependence on the matter fields [13, 14]. Singularities have been
shown to arise on the surface of well known spherically symmetric matter
configurations [15], which render the theory at best incomplete and provide
a very strong viability criterion. This criterion is almost independent of the
functional form of the Lagrangian, the only exception being Lagrangians
with corrections which become important only in the far ultraviolet (as in
this case the singularities manifest at scales where non-classical effects take
over) [16] . Generalized Palatini theories of gravity have also been con-
sidered. For example, Lagrangians of the form f(R(µν)R(µν)) (parentheses
indicating symmetrization) were studied in Ref. [17] and Lagrangians of the
form R + f(R(µν)R(µν)) were considered in Ref. [18], with attention being
focussed on cosmology. In Refs. [19, 20, 21] Lagrangians of the more general
form f(R,RµνRµν) were studied, see however Ref. [22].
Unlike the exceptional case of the Einstein–Hilbert action as mentioned
above, generalized Palatini theories of gravity are distinct from the theories
one would get starting from the same action (formally) and applying stan-
dard metric variation. One cannot say that their dynamics have been well
understood in general. That is because the dynamic of the most well studied
class, f(R) are rather peculiar and not representative. Indeed, in Palatini
f(R) gravity the independent connection does not carry any dynamics and
can be algebraically eliminated in favour of the metric and the matter fields
[23, 24]. This result has recently been generalized to f(R) theories with
non-symmetric connections, i.e. theories that allow for torsion [25]. The lack
of extra dynamics with respect to general relativity can also be seen by the
fact that Palatini f(R) gravity has been shown to be dynamically equivalent
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to Brans–Dicke theory with Brans–Dicke parameter ω0 = −3/2 [11, 13, 26]
(again, irrespectively of how general the connection is allowed to be [25]).
This is a particular theory within the Brans–Dicke class in which the scalar
does not carry any dynamics and can be algebraically eliminated in favour
of the matter fields.
The algebraic elimination of the connection (or the corresponding scalar
field in the Brans–Dicke representation) will introduce extra matter inter-
actions [11, 12] and Palatini f(R) theories will essentially be equivalent to
general relativity with modified source terms. In fact, this property is what
lies in the heart of all the viability issues mentioned earlier [15]. However,
this is not a generic property of generalized Palatini gravity, as it has been
recently demonstrated in Ref. [22], but just a peculiarity of f(R) actions.
Generic higher order actions lead to extra dynamical degrees of freedom.
What we would like to understand here is what happens when one jumps
from the Palatini approach, to the more general and better motivated metric-
affine approach, where the independent connection is allowed to enter the
matter action, define the covariant derivative, and, therefore, retain its geo-
metrical significance. In particular, we would like to understand under which
circumstances this connection becomes an auxiliary field, which can be alge-
braically eliminated, and when it actually does carry dynamics. Note that
there are well known examples, such as Einstein–Cartan theory [27] (which
is a metric-affine theory with the additional constraint that the connection
is metric, but not symmetric), where the independent connection can be
eliminated algebraically, leading to general relativity with extra matter in-
teractions. In this specific case, this is a four-fermion interaction. See also
Ref. [28] for an example of a more general action with the same property.
What happens for more general theories, however, and especially how the dy-
namics of the connection will be affected by considering higher order terms
in the action, has not been systematically understood.
In order to address this issue we follow an approach motivated by effective
field theory. We will consider the metric-affine action as an effective action,
possibly arising from some more fundamental theory at some appropriate
limit. We will then employ power counting in order to construct the most
general action order by order. This will allow us to arrive at model indepen-
dent statements and avoid considering fine-tuned actions, which can lead to
misleading results.
The paper is organized in the following way. Section 2 is devoted to pre-
senting our conventions and briefly reviewing the metric-affine set up. In
4
section 3 we construct the most general second order action and show that
it does not lead to a dynamical connection. In section 4 we move on to con-
sider actions with higher order invariants and we show that, remarkably, the
situation changes radically and degrees of freedom residing in the connection
become excited. In section 5 we consider f(R) actions as a particular ex-
ample, as they have been extensively studied in the literature, even in the
metric-affine setting [4]. We do not consider them because we expect them
to be representative examples of the dynamics of metric-affine gravity. On
the contrary, our intention is to explicitly demonstrate that they are not.
Section 6 contains a discussion of our results and our conclusions.
2. General setup for metric-affine theories
We start by clarifying our notation and conventions. The covariant
derivative of the connection Γρµν acting on a tensor is defined as
∇µAνσ = ∂µAνσ + ΓναµAασ − ΓασµAνα . (1)
It is important to stress that the position of indices must be taken very
carefully into account, since the connection are not assumed to be symmetric.
The antisymmetric part of the connection is commonly referred to as the
Cartan torsion tensor
S λµν ≡ Γλ[µν] . (2)
The failure of the connection to covariantly conserve the metric is measured
by the non-metricity tensor
Qλµν ≡ −∇λgµν . (3)
Using the connection one can construct the Riemann tensor
Rµνσλ = −∂λΓµνσ + ∂σΓµνλ + ΓµασΓανλ − ΓµαλΓανσ . (4)
which has no dependence on the metric. Notice that the Riemann tensor here
has only one obvious symmetry: it is antisymmetric in the last two indices.
All other symmetries one might by accustomed to from general relativity are
not present for an arbitrary connection [32]. Without any use of the metric
we can also define as Rµν the Ricci tensor built with the connection Γρµν
Rµν ≡ Rλµλν = ∂λΓλµν − ∂νΓλµλ + ΓλσλΓσµν − ΓλσνΓσµλ . (5)
5
R = gµνRµν is the corresponding Ricci scalar.
Note that there is an intrinsic ambiguity in the definition of the Ricci
tensor in metric-affine theories as the limited symmetries of the Riemann
tensor allow now for an alternative definition as
Rˆµν ≡ Rσσµν = −∂νΓσσµ + ∂µΓσσν . (6)
This tensor is called the homothetic curvature. For a symmetric connection
it is equal to the antisymmetric part of Rµν and, therefore, it need not be
separately considered. This is not the case for a non-symmetric connection.
Note however, that the homothetic curvature is fully antisymmetric and as
such it leads to a vanishing scalar when contracted with the metric.1
As already mentioned in the Introduction, the key characteristic of metric-
affine gravity is that the affine connection Γρµν is not assumed to have any
a priori relation with the metric. On the other hand, it is assumed to define
parallel transport and the covariant derivative of matter fields, so it inevitably
enters the matter action, see Ref. [3] for a discussion. That is, in metric-affine
gravity couplings between the connection and the matter fields are allowed.
This is the main difference from (generalized) Palatini theories of gravity, as
mentioned earlier. The action will, therefore be of the following general form
S = SG + SM =
∫
d4x
√−g
[
LG(gµν ,Γρµν) + LM
(
gµν ,Γ
ρ
µν , ψ
)]
, (7)
where g is the determinant of the metric gµν , ψ collectively denotes the matter
fields, and SM is the matter action. We have written the dependence of LM
on the various fields explicitly to avoid confusion here, but we will suppress
it from now on and just use SM instead in order to lighten the notation.
Clearly, specific choices of matter fields will not couple to the connection of
course, such as a scalar field or a gauge field. See Ref. [4] for a detailed
discussion on such matters and on the general characteristics of metric-affine
gravity.
1See Ref. [4] for a more detailed discussion about the ambiguities in the definition of
the Ricci tensor. Note also that, unlike the usual Ricci tensor, the homothetic curvature
tensor has a direct physical interpretation: it measures the change of the length of a vector
when it is transported along a closed loop. When the homothetic curvature vanishes, the
connection is volume preserving, i.e. lengths and volumes do not change during parallel
transport. We thank Yuri Obukhov for bringing this to our attention.
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One now needs to specify the exact form of the Lagrangian LG. In Ref. [5]
an action linear in R was consider and in Ref. [4] the most general f(R)
family was studied extensively. Instead of an ad hoc choice inspired by some
similarity with the Einstein–Hilbert action and its generalizations, we would
like to follow here an effective field theory approach in order consider the
most general action possible at each order. To construct this action, we
should carry on a power counting analysis which will reveal the whole set
of appropriate terms order by order. We set c = 1 and we can choose the
engineering dimensions
[dx] = [dt] = [l] (8)
where l is a place holder symbols with dimension of a length. Then we have
[gµν ] = [1] , [
√−gdx4] = [l4] , [Γλµν ] = [l−1] , [Rµν ] = [l−2] . (9)
Now consider as a simple example the action
SG =
1
l2p
∫
dx3dt
√−gR . (10)
Requiring that this action is dimensionless implies that the coupling con-
stant lp must have dimensions of a length and can be naturally associated
to the Planck length. What we mean by order of the gravitational theory
is also clear now: we mean the highest order in l−1p powers appearing in the
Lagrangian (which, since one cannot choose the metric and the connection
to be dimensionless at the same time, does not correspond to the order in its
derivatives).
3. Second order action
Clearly the action written above is not the most general one we could
write in metric-affine gravity. It is just an example inspired by the analogy
with standard GR and the Einstein–Hilbert action. To begin with, we could
include a cosmological constant term, which is of lower order. But such a
term would not play any important role in our arguments so we will omit it
for simplicity. What other terms can we write at the second order? Under the
assumption that the connection is torsionless and metric compatible (Levi-
Civita), there exist no other term which respects diffeomorphism invariance,
as it is well known. But, in the more general metric-affine setting we are
considering here, there is at least two more tensors one could imagine using
in order to construct invariants:
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• The aforementioned “second Ricci” tensor Rˆµν . However, this tensor
has dimensions [l−2] and is antisymmetric, so there is no quantity one
can construct out of it at second order;
• the Cartan torsion tensor of eq. (2), which has the same dimensions as
Γλµν . Therefore, terms with one derivative of S
λ
µν or terms quadratic
in S λµν will be of the same order as R.
Due to the symmetries of S λµν there is only a single term with a derivative
we can write
gµν∇µS σνσ . (11)
For the same reason, there are just three terms quadratic in S λµν one can
write
gµνS λµλ S
σ
νσ , g
µνS σµλ S
λ
νσ , g
µαgνβgλγS
λ
µν S
γ
αβ . (12)
Note that the term in eq. (11) has been considered by Papapetrou and Stachel
in [30].
A subtle point is the following. The term in eq. (11) is not a total diver-
gence as ∇µ is not defined with the Levi-Civita connection of the metric. On
the other hand, one can think to decompose the connection as
Γλµν =
{
λ
µν
}
+ Cλµν , (13)
i.e. in its Levi-Civita part and the rest. Now, using this decomposition we
can split the covariant derivative in (11) in a metric compatible part, which
will lead to a total divergence, and the rest, which will lead to terms con-
sisting of contractions between Cλµν and the Cartan torsion tensor. Since
the non-metricity is not zero, these terms are different than the ones already
considered above in eq. (12). Thus the term in eq. (11) is non-trivial.
This brings us to another puzzle though: Cλµν is a tensor, so why not
consider terms constructed with it as well? Actually, Cλµν can always be
decomposed in terms of torsion S λµν and non-metricity Qλµν , so the question
then reduces to whether we should also consider terms constructed with Qλµν
or not. From a power counting/field theory perspective nothing prevents us
from doing so, and these would indeed be terms of the same order. However,
from this perspective we should also consider, for instance, the Ricci tensor
of the metric Rµν . In fact, Qλµν and Rµν share a common characteristic
which is crucial for our discussion: They cannot be expressed without using
derivatives of the metric (even if instead of (3) one tries to define Qλµν using
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the connection, then still the Levi-Civita connection would be needed as well).
Therefore, the puzzle reduces to whether or not we should be considering
invariants constructed with derivatives of the metric.
Clearly, field theoretic considerations cannot give an answer to this ques-
tion. Such terms should be considered unless we are willing to invoke some
principle excluding them, along the line of minimal coupling in general rel-
ativity. Such a principle has been discussed in Ref. [4]. In simple terms it
would be the requirement that the metric be used only for raising and low-
ering indices. We choose to follow this prescription here, as it seems sensible
from a geometrical perspective (the purpose of the metric being to measure
distances) and it significantly reduces the number of terms one can consider.
Another way to reduce the number of terms without invoking a minimal
coupling principle would be to require that the connection be metric compat-
ible. This would force Qλµν to vanish, without necessarily implying torsion
has to vanish as well. We would then remain with exactly the same terms
written above. However, in this case the term in eq. (11) would indeed differ
from the first term in eq. (12) only by a total surface term and one would be
able to omit it.
Let us consider the consider the most general second-order action we have
just constructed in our setting
S =
1
16 pi l2p
∫
dx4
√−g
(
gµνRµν + a1gµν∇µS σνσ + a2gµνS λµλ S σνσ (14)
+a3g
µνS σµλ S
λ
νσ + a4g
µαgνβgλγS
λ
µν S
γ
αβ
)
+ SM ,
where the ai’s represent the various coupling constant. Varying indepen-
dently with respect to metric and connection yields
R(µν) − 1
2
gµνR+ a1
{
∇(µSν) − 1
2
gµνg
αβ∇αSβ
}
+a2
{
−1
2
gµνSαS
α + SµSν
}
+ a3
{
−1
2
gµνg
αβS σαλ S
λ
βσ + S
σ
µλ S
λ
νσ
}
+a4
{
−1
2
gµνSρσλS
ρσλ + 2S λαµ S
α
νλ − SρσµSρσν
}
= κTµν , (15)
1√−g
[
−∇λ
(√−ggµν)+∇σ (√−ggσµ) δν λ − a1∇α (√−ggα[µ) δν]λ]
+ (2− a1) gµνSλ − 2S(µδν)λ + 2(a1 + a2 − 1)S [µδν]λ + 2a3gα[µS ν]αλ
+2a4g
α[µgν]βgλγS
γ
αβ +2g
µσS νσλ = κ∆
µν
λ . (16)
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where Sα ≡ S βαβ , κ = 8 pi l2p and
Tµν ≡ − 2√−g
δSM
δgµν
, ∆ µνλ ≡ −
2√−g
δSM
δΓλµν
. (17)
∆ µνλ is now as the hypermomentum and, as already identified in [31], it
encapsulates all the information related to the spin angular momentum of
matter, the intrinsic part of dilation current and the shear current. Tµν
on the other hand is sometimes referred to as the stress-energy tensor, in
analogy with general relativity. However, it should be stressed that this
terminology might be misleading within the metric-affine framework as this
tensor does not have the properties usually associated with the stress-energy
tensor is general relativity. For instance, it is not necessarily divergence free,
it does not reduce to the special relativistic stress energy tensor at a suitable
limit and of course it does describe but some properties of matter, given the
existence of ∆ µνλ as well. In fact, it is best if it is just considered as nothing
more than a short hand notation for the functional derivative of the matter
action with respect to the metric.
Our present aim is to check whether it is possible to fully eliminate the
connection from the field equations. Let us consider the contraction of λ
index in (16) respectively with µ and ν
3
2
a1√−g∇µ
(√−ggµν) = κ∆ µνµ + (4a1 + 3a2 + a3 + 2a4)Sν , (18)
6− 3a1
2
√−g ∇ν
(√−ggµν) = κ∆ µνν − (2a1 + 3a2 + a3 + 2a4−4)Sµ . (19)
Combining these two equations gives Sν and the trace ∇µ (
√−ggµν) as func-
tions of the hypermomentum
Sν =
κ
(2− a1)a1 + 3a2 + a3 + 2a4
[
(a1 − 1)∆ν − ∆˜ν
]
, (20)
1√−g∇µ
(√−ggµν) = 2
3
[κ∆ν + (a1 + 2)S
ν ] =
=
2
3

κ∆ν +
κ(a1+2)
[
(a1 − 1)∆ν − ∆˜ν
]
(2− a1)a1 + 3a2 + a3 + 2a4

 , (21)
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where we defined the two quantities ∆µ ≡ ∆ (αµ)α and ∆˜µ ≡ ∆ [αµ]α . Eq. (21)
can be inserted in (16) to eliminate the second and the third term in order
to get
1√−g
[
−∇λ
(√−ggµν)]+ 2a3gα[µS ν]αλ + 2a4gα[µgν]βgλγS γαβ +2gµσS νσλ =
= κ∆ µνλ −
2
3
[κ∆µ + (a1+2)S
µ] δν λ+
2
3
a1
{
κ∆[µ + (a1+2)S
[µ
}
δ
ν]
λ −
− (2− a1) gµνSλ + 2S(µδν)λ − 2(a1 + a2 − 1)S [µδν]λ , (22)
while we will refrain from replacing Sν for compactness.
Using the identities
∇µ
√−g = ∂µ
√−g − Γααµ
√−g (23)
and
gµν∂λ(
√−ggµν) = 2√−g ∂λ ln
√−g (24)
we can write the trace of eq. (22) with the metric in the µ and ν indices as
∂λ
√−g√−g = −
1
2
κgµν∆
µν
λ +
1
3
κgµλ∆
µ +
(
8
3
− 5
3
a1
)
Sλ + Γ
α
αλ . (25)
Eliminating the density related terms and suitably lowering the indices eq. (22)
can eventually take the form
∂λgσρ − Γµρλgµσ − Γνσλgνρ + 2a3S[σ|λ|ρ] + 2a4Sσρλ+2Sσλρ =
= gσρ
(
8
3
− 5
3
a1
)
Sλ +
1
3
κgσρ∆λ − 1
2
κgσρ∆
µ
λ µ +
+κ∆λσρ − (2− a1) gσρSλ + 2S(σgρ)λ − 2(a1 + a2 − 1)S[σgρ]λ +
+
2
3
(a1 + 2)
(
a1S[σgρ]λ − Sσgρλ
)
+
2
3
κ
(
a1∆[σgρ]λ −∆σgρλ
)
. (26)
We can now split this last expression in its antisymmetric and symmetric
part with respect to the two indices σ and ρ
2(a3+1)S[σ|λ|ρ] + 2a4Sσρλ = Θλσρ ,
∂λgσρ − Γµρλgµσ − Γνσλgνρ+2S(σ|λ|ρ) = κ∆λ(σρ) −
2
3
[
κ∆(σ + (a1−1)S(σ
]
gρ)λ
−gσρ
[ (2
3
a1 − 2
3
)
Sλ +
1
2
κ∆ µλ µ −
1
3
κ∆λ
]
,
(27)
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where we have introduced the short hand notation
Θλσρ ≡ κ∆λ[σρ] + 2
3
(a1 − 1)
[
κ∆[σ +
(
a1−1 − 3a2
a1 − 1
)
S[σ
]
gρ]λ . (28)
Adding suitable permutations of the two expressions in (27) we obtain
Sρνµ =
(a3+1)
2(a3+1)(a3 + a4+1)− 4a 24
[
Θνρµ −Θρνµ −
(
2
a4
a3+1
− 1
)
Θµρν
]
,
(29)
Γξ(σρ) =
{
ξ
σρ
}
− 1
2
κgξλ(−∆λ(σρ) +∆ρ(σλ) +∆σ(ρλ))− κ
3
∆(σδ
ξ
ρ)
−κ
4
[
gσρ∆
ξ µ
µ − 2δξ(ρ∆ µσ)µ
]
+
2
3
(a1 − 1)S(σδξρ) . (30)
Eqs. (29) and (30) give the antisymmetric and symmetric parts of the con-
nection algebraically in terms of the hypermomentum and the metric. Under
the condition that the matter action depends at most linearly on the connec-
tion, the above statement is equivalent to saying that we have algebraically
expressed the connection in terms of the matter fields and the metric. This
assumption is indeed satisfied for all common matter actions, such as scalar
and gauge field, in which the matter action does not depend on the connec-
tion, and fermions, where the matter action is linear in the connection. This
condition can be violated for some fields, for example massive vector fields,
especially if not trivial couplings between the connection and the matter are
introduced. However, as long as the matter action contains only first order
derivatives of the matter fields (in order for the matter fields to satisfy sec-
ond order equations of motion), ∆ µνλ will only depend algebraically on the
connection. This implies that, even though some more complicated manipu-
lations will be required, the connection can always be expressed algebraically
in terms of the matter field and the metric (at least at the component level).
This establishes that the independent connection in (up to) second order
metric-affine actions does not carry any dynamics and it can be algebraically
eliminated. Consider now using eqs. (30) and (29) to completely eliminate
the connection in eq. (15). One would then get an equations of the form
Rµν − 1
2
Rgµν = κTµν , (31)
where Rµν and R are the Ricci tensor and the Ricci scalar of the metric gµν
respectively, and Tµν will be some a second rank tensor which depends on the
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metric, ∆ µνλ and Tµν . The expression for Tµν in terms of these three quan-
tities is rather lengthy and we will refrain from writing it here. However,
it should already be clear that the theory described by eq. (31) is general
relativity with modified matter interactions. For fields for which the hyper-
momentum vanishes, Tµν = Tµν .
4. Higher orders
We can now move on to higher orders. Since the connection has three
indices and the derivative one index, there is no [l−3] scalar quantity one
can construct out of them. Similarly, one cannot construct an [l−3] scalar
quantity using curvature invariants. The next order is [l−4]. The terms that
could straightforwardly lead to invariants after (several) contractions with
the metric are
RαβγδRµνλσ, ∇µ∇νRαβγδ, RαβγδS λµν S ρτω , Rαβγδ∇ρS λµν
S λµν ∇ρRαβγδ, S λµν S σαβ S κγδ S ρτω , S λµν S σαβ ∇ρS κγδ
S λµν ∇ρ∇κS σαβ , ∇ρS λµν ∇κS σαβ , ∇µ∇ν∇ρS σαβ , (32)
Clearly each of these terms can lead to various invariants. It goes beyond
the purpose of the paper to list all possible terms.2 However, before going
further, the following subtle points are worth mentioning:
1. Due to the symmetries (or lack thereof) of the Riemann tensor when
constructed with an independent connection, there are more invariants
than in the purely metric case. For example Rµν is not symmetric and
hence RµνRκλgµλgνκ and RµνRκλgµκgνλ are not equal.
2. ∇µ is constructed with the independent connection and, hence, total
divergences such as ∇µuµ do not lead to pure surface terms and cannot
be discarded.
3. Since the metric is not covariantly conserved by the independent con-
nection taking the covariant derivatives first and contracting, or con-
tracting first and then taking a derivative does not lead to the same
result. For example the terms gµνgαβ∇µ∇νRαβ and gµν∇µ∇νR differ.
2An exhaustive list of all possible second and fourth order invariants one can construct
in the more limiting case where the non-metricity vanishes can be found in [29]. Given
that our minimal coupling assumption prevents us from the using of the non-metricity to
construct invariants (see also below), this list should cover our case as well.
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Regarding point (ii) one could propose to split the covariant derivative into
a metric covariant derivative, which is a surface term, and the rest, such
as in (13). However, writing the rest explicitly would require the use of
metric derivatives through the use of the Levi-Civita connection, as discussed
above. Something similar can be said about point (iii). The two terms
given as an example differ by a term including a covariant derivative of
the metric. This raises the question of whether both of them should be
considered. As mentioned earlier, whether terms including derivatives of the
metric should be included is really a matter of choice that can be answered
only by invoking some minimal coupling principle. If one wants to use the
metric purely for contracting indices as suggested previously, then the terms
including derivatives of the metric should be suppressed.
Let us now move on to consider the effect of the higher order terms on
the dynamics of the connection. Considering the most general fourth order
action is formidable due to the vast number of invariant one would have to
include. However, carefully considering isolated terms of different type can
still reveal the complete picture.
Clearly there are term in eq. (32) that would not introduce new degrees
of freedom if they were added to action (14) as they do not contain extra
derivatives, such as the S4 term (indices suppressed). Such terms exist at
all even orders, e.g. S2n (again indices suppressed). On the other hand [l−4]
terms which contain two derivatives of the Cartan torsion tensor, such as
(∇S)2 (indices suppressed) would inevitable make the torsion dynamical.
What about fourth order curvature invariants? Let us for the moment
set aside the term R2, since it belongs to the general f(R) class, which
we will discuss extensively later, and as we will see it constitutes a rather
special case. A much more characteristic example to consider, which is simple
enough to keep calculations tractable and yet general enough to give us the
bigger picture is the following
S =
1
16 pi l2p
∫
dx4
√−g
[
R+ l2pRµνRκλ(agµκgνλ + bgµλgνκ)
]
+ SM (33)
As mentioned earlier, when Rµν is not symmetric, as in our case, the 2 terms
in the parenthesis will not lead to the same invariant. In fact, the action can
be re-written as
S =
1
16 pi l2p
∫
dx4
√−g
[
R+ l2pc1R(µν)R(µν) + l2pc2R[µν]R[µν]
]
+ SM (34)
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where c1 = a + b and c2 = a − b. This latter form of the action makes the
variation easier. The field equations for the metric and the connection are
respectively
R(µν) − 1
2
(
R+ l2pc1R(αβ)R(αβ) + l2pc2R[αβ]R[αβ]
)
gµν
+2l2p c1R(αµ)R(βν)g
αβ + 2l2p c2R[αµ]R[βν]g
αβ = κTµν , (35)
1√−g
{
−∇λ
[√−ggµν + 2√−g (l2pc1R(µν) + l2pc2R[µν])] +
+∇σ
[√−ggµσ + 2√−g (l2pc1R(µσ) + l2pc2R[µσ])] δνλ}+
+2S σλσ
[
gµν + 2
(
l2pc1R(µν) + l2pc2R[µν]
)]
−2S σασ δνλ
[
gµα + 2
(
l2pc1R(µα) + l2pc2R[µα]
)]
+
+2S ναλ
[
gµα + 2
(
l2pc1R(µα) + l2pc2R[µα]
)]
= κ∆ µνλ . (36)
In the previous section we were able to use the field equation for the connec-
tion in order to algebraically express the latter in terms of the metric and the
matter fields. Inspecting eq. (36), however, one easily realized that, unlike
eq. (16), it appears to include derivatives of the connection due to the pres-
ence of Rµν . One could think to use eq. (35) in order to algebraically express
Rµν (at least at component level) in terms of the metric and the matter fields
(this idea is actually inspired by the specific case of f(R) actions in the more
restricted setting of the Palatini formalism where the connection does not
couple to the matter — this will be discussed below). If this were the case,
one could eliminate Rµν from eq. (36) and turn it again into an algebraic
equation for the connection.
However, this is not possible for generic values of c1 and c2, or a and b
for the following simple reasons:
• Rµν is not necessarily symmetric and, therefore, has 16 independent
components, whereas eq. (35) leads to only 10 components equation as
it is symmetric in µ and ν. Therefore, it cannot be used to determine
Rµν fully, in terms of the metric and the components of Tµν .
• Tµν is not necessarily independent of the connection, as it may include
covariant derivatives of certain matter fields. Therefore, even if one
would impose such conditions so that eq. (35) could be solved alge-
braically to give Rµν in term of the metric and Tµν , e.g. impose the
15
constraint R[µν] = 0 a priori, that would not actually help in alge-
braically expressing the connection as a function of the matter fields
and the metric (at least for generic matter fields).
It should then be clear that the independent connection cannot be eliminated
in metric-affine gravity once generic higher order curvature invariants have
been added.
The same issue has been considered in Ref. [22] for the simpler case of
generalized Palatini gravity, i.e. under the assumption that connection does
not enter the matter action. This would corresponds to a vanishing ∆ µνλ .
The first of the difficulties just discussed is still present in this case when
trying to eliminate the connection algebraically by the procedure described
above. However, since Tµν is independent of the connection in generalized
Palatini gravity, the second difficulty raised here is not really an issue. Hence,
it is easier in this framework to write down exceptional Lagrangians for which
the connection can be eliminated (it is just an auxiliary field). We refer the
reader to Ref. [22] for more details. We refrain here from discussing similar
exceptions or special cases for metric-affine gravity, as this would require
severe fine tuning and/or a priori constraints.
Also, we shall not consider explicitly the effect of the mixed terms which
include both the Cartan torsion tensor and the Riemann or the Ricci ten-
sor, as this would not add anything new to the qualitative understanding
we presented so far. What should be clear by now is that the presence of
terms including derivatives of the Cartan torsion tensor or higher order cur-
vature invariants generically leads to a dynamical connection. Therefore,
higher than second order actions generically lead to more dynamical degrees
of freedom.
5. Metric-affine f(R) gravity as a special case
Metric-affine f(R) theories of gravity have been extensively studied lately
[4]. They constitute a distinct class within higher order actions, in the sense
that they allows one to treat terms of different and arbitrarily high order
on the same footing. Therefore, even though within the metric-affine setup
there is no reason to single out f(R) actions as better motivated ones — on
the contrary, restricting an action to be of this type requires fine tuning —
their simplicity is indeed a good argument for adopting them as toy-models
from which to extract general lessons. On the other hand, exactly because
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they are so special, it is dubious whether f(R) actions can be considered as
representative higher order metric-affine theories from the point of view of
their dynamics. This is something that is worth exploring further, which is
part of our motivation for considering them separately here.
The other part of our motivation comes from the observation that in the
simpler setting of generalized Palatini gravity, where the connection does not
enter the matter action, the whole f(R) class constitutes an exception for
which the independent connection does not carry dynamics and can be alge-
braically eliminated [3, 25]. This is true even if the connection is not assumed
to be symmetric [25]. It is, hence, worth exploring in detail what happens
in the more general metric-affine framework, in order to avoid confusion and
misconceptions.
The action for f(R) theories reads
S =
1
16 pi l 2p
∫
d4x
√−gf(R) + SM (37)
This action as it stands cannot lead to consistent field equations in the pres-
ence of matter, as the gravity part of the action has a symmetry that is not
shared by the matter action. The Ricci scalar of the connection R remain
invariant under the projective transformation
Γρµν → Γρµν + δρµξν (38)
(ξµ being an arbitrary covariant vector field). Consequently any function
f(R) and any action of the f(R) type will also be projective invariant.
However, matter actions that depend on the connection will not be pro-
jective invariant. This has been discussed several times in the literature
[5, 32, 33, 4, 10].
To resolve the inconsistency one needs to somehow break the projective
invariance in the gravity sector. The only way to do that, given that we do not
want to alter the form of the action, is to constraint the connection to some
extent. The meaning of projective invariance is very similar to usual gauge
invariance, in the sense that it implies that the connection can be determined
only up to a projective transformation. So, to break gauge invariance we need
a constraint that that would act as “gauge fixing”. Clearly, given the nature
of the projective transformation we essentially need to fix a vector. It has
been argued in Refs. [4, 10] that the best choice for f(R) gravity is to set
Sµ ≡ S ααµ = 0 (39)
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This constraint can be imposed implicitly, but also explicitly by adding to
the action the Lagrange multiplier
SLM =
∫
d4x
√−gBµSµ . (40)
Varying the total action with respect to metric gµν , connection Γρµν and
Lagrange Multiplier Bµ lead, after some simple manipulations [8, 4], to the
following set of field equations
f ′(R)R(µν) − 1
2
f(R)gµν = κTµν , (41)
−∇λ(
√−gf ′(R)gµν) +∇σ
(√−gf ′(R)gσµ) δνλ + 2√−gf ′(R)(gµνS σλσ
−gµρδνλS σρσ + gµσS νσλ ) = κ
√−g
(
∆ µνλ −
2
3
∆ σ[νσ δ
µ]
λ
)
, (42)
S ααµ = 0 . (43)
where a prime denotes differentiation with respect to the argument.
We now check whether it is possible to eliminate algebraically the connec-
tion from the field equations. This can be done following a similar procedure
as the one used in section 3. A contraction of eq. (42) yields
∇σ
√−gf ′(R)gσµ = κ2
3
√−g∆ (µλ)λ . (44)
We can use this equation in order to eliminate the second term in (42) to get
−∇λ(
√−gf ′(R)gµν) + 2√−gf ′(R)gµσS νσλ =
= κ
√−g
(
∆ µνλ −
2
3
∆ σ[νσ δ
µ]
λ −
2
3
∆ (µσ)σ δ
ν
λ
)
. (45)
Using the identity
gµν∂λ(
√−gf ′(R)gµν) = 4√−g∂λf ′(R) + 2f ′(R)
√−g∂λ ln
√−g , (46)
and after contracting eq. (45) with the metric in the µ and ν indices one gets
∂λ ln
√−g = 1
2
[
− κ
f ′
(
gµν∆
µν
λ −
2
3
gµλ∆
(µσ)
σ
)
− 4∂λf
′
f ′
+ 2Γσσλ
]
. (47)
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Eliminating the density related terms and lowering the indices as we did in
the previous section eq. (45) yields
−∂λgαβ − gαβ ∂λf
′
f ′
+ Γµβλgµα + Γ
µ
λαgµβ =
κ
f ′
[
1
2
gαβgµν∆
µν
λ (48)
−1
3
gαβgµλ∆
(µσ)
σ − gµαgνβ∆ µνλ +
1
3
(gαλgνβ∆
σν
σ + gλβgµα∆
µσ
σ )
]
.
Adding suitable permutations of eq. (48) one gets
Γραβ =
{
ρ
αβ
}
+
1
2f ′
[
∂αf
′δρβ + ∂βf
′δρα − gρλgαβ∂λf ′
]
+
κ
f ′
W ραβ , (49)
where
{
ρ
αβ
}
is the usual Levi-Civita connection associated with the metric
gµν and W
ρ
αβ is a tensor encompassing all the hypermomenta terms
W ραβ = −
1
2
{
1
2
gαβgµν∆
ρµν − gµνδρ(α∆ µνβ) +∆ ρβ α +∆ ραβ (50)
−∆ραβ − gαβ∆ (ρσ)σ +
1
3
δραgµβ
(
2∆ [σµ]σ +∆
(σµ)
σ
)
+
1
3
δρβgµα
(
2∆ [σµ]σ +∆
(σµ)
σ
)}
.
Eq. (49) provides and expression for the connection in terms of the metric,
the hypermomentum but also R, via the presence of f . So, we essentially
run into the same difficulties we faced in the previous section when trying to
eliminate the connection. However, here R is just a scalar quantity. Consider
the trace of eq. (41)
Rf ′(R)− 2f(R) = κT . (51)
For a given function f this is an algebraic equation in R. Setting aside
pathological cases in which this equation has no root, and the exceptional case
where f(R) ∝ R2, which corresponds to a conformally invariant gravitational
action (see Refs. [34, 26, 4] for more details), eq. (51) can be used to express
R as an algebraic function of T . This expression can in turn be used to
eliminate R in favour of T in the f terms in eq. (49). Therefore, from now
on we can be thinking of eq. (49) as expressing the affine connection as a
function of just derivatives of metric, Tµν and the hypermomentum. This
mean we are clear of the first difficulty encountered for generic fourth order
actions.
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This is not the case for the second point we made previously though,
i.e. that Tµν , and hence T , can generically depend on the connection. Even
though the requirement that the matter satisfies second order differential
equations of motion essentially implies that the dependence of Tµν on the
connection will be algebraic (there can be only first covariant derivatives of
the matter fields is SM), the fact that there are first order derivatives of f
′
in eq. (49) is enough to give derivatives of the connection. Therefore, in
metric-affine f(R) the connection satisfies a dynamical equation in general.
A remarkable observation is the following. Taking the antisymmetric part
of (49) in its lower indices we get
Γρ[αβ] ≡ S ραβ = ∆ ρ[β α] +∆ ρ[αβ] −∆ρ[αβ] (52)
= gρλ
(
∆β[λα] +∆α[βλ] −∆λ[αβ]
)
.
This implies that the torsion is still non-dynamical and vanishes for matter
fields with vanishing ∆ [αβ]γ . It is only the symmetric part of the connection
that carries dynamics. As already stressed in [4] torsion is non-propagating
in metric-affine f(R) and it is introduced by matter fields having ∆ [αβ]γ 6= 0.
The fact that the connection appears to satisfy a first order differential
equation, at least if one assumes that T does not include any derivatives of
the connection, seems worrying. However, it is very difficult to tell if this is
indeed a problem. Neither do we have the exact form of the equation, nor
do we know which degrees of freedom hiding in the connection will actually
be excited.
Of course, for matter fields which do not couple to the connection (scalar
field, gauge fields) or if one imposes that the independent connection does
not enter the matter action SM , Tµν is independent of the connection as well
and ∆ µνλ = 0. In this case the connection can indeed be eliminated and one
recovers the results of Palatini f(R) gravity [25]. Another special case is the
one where f(R) = R, as is this case f ′ = 1 and R is no longer present in the
eq. (49), which now takes the form
Γραβ =
{
ρ
αβ
}
+ κW ραβ . (53)
One can then write
R(αβ) ≡ ∂ρΓρ(αβ) − ∂(βΓρα)ρ + ΓρσρΓσ(αβ) − Γρσ(βΓσα)ρ = (54)
= Rαβ + κ
[
∇¯ρW ρ(αβ) − ∇¯(βW ρα)ρ +W ρσρ W σ(αβ) −W ρσ(β W σα)ρ
]
,
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where Rµν is the Ricci tensor of the metric gµν and ∇¯µ is the covariant deriva-
tive defined with the Levi-Civita connection of the same metric. Contracting
with the metric one gets
R = R + κ
[
2∇¯[ρW µ ρµ] +W ρσρ W µσµ −W µρσ W σµρ
]
. (55)
We can now use eqs. (53), (54) and (55) in order to completely eliminate the
connection and end up with the single field equation for the metric
Gαβ = κTαβ +
κ
2
gαβ
{
2∇¯[ρW µ ρµ] +W ρσρ W µσµ −W µρσ W σµρ
}
−κ
{
∇¯ρW ρ(αβ) − ∇¯(βW ρα)ρ +W ρσρ W σ(αβ) −W ρσ(β W σα)ρ
}
,(56)
where, as usual,
Gαβ ≡ Rαβ − 1
2
Rgαβ , (57)
is the Einstein tensor of the metric gµν . Therefore, f(R) = R metric-affine
gravity reduces to general relativity with extra matter interactions. This is
anyway clearly just a subcase of the most general second order action we
examined in section 3 with vanishing ai’s.
However, we have shown for any other function f(R) the connection
cannot be algebraically eliminated in the presence of matter fields that couple
to it.
6. Discussion and Conclusions
We have studied the dynamics of theories of gravity in which the metric
and the connection are independent quantities. Instead of restricting our-
selves to a specific action, which would inevitably affect the generality of our
conclusions, we chose to follow an approach inspired by effective field the-
ory and attempt to understand how are the dynamics of the theory affected
when increasing the order of the various invariant included in the action. To
this end we first considered the most general action formed by second order
invariants and then moved on to examine how these would be modified by
including different types of higher order terms in the action. In both cases
we imposed a generalized minimal coupling principle in order to reduce the
number of terms to be considered, which excludes invariants constructed with
the non-metricity or the metric curvature.
Our main conclusions are the following:
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• Even for the most general action one can construct with second order
invariants the connection does not carry any dynamics and can always
be algebraically eliminated. That is, at this order, metric-affine gravity
can always be written as general relativity with a modified source term
or extra matter interactions. No extra degrees of freedom are excited.
• Including higher order terms in the action changes the situation rad-
ically. The connection (or parts of it) becomes dynamical and so, it
cannot be eliminated algebraically. The theory now propagates more
degrees of freedom than general relativity. Thus, seen as an effective
field theory, metric-affine gravity is rather peculiar and its dynamics
can deceive: at the lowest order the extra degrees of freedom appear to
lose their dynamics and become auxiliary fields, but once higher order
terms are taken into account the extra degrees of freedom do propa-
gate. To avoid exciting extra degrees of freedom significant fine tuning
and extra a priori constraints are required.
• f(R) actions, which have been previously considered in metric-affine
gravity, appear to constitute a distinct class with special properties.
Even though the connection does carry dynamics in the presence of
fields coupling to it — unlike the simplified case of Palatini f(R) grav-
ity — torsion remains non-propagating. The propagating degrees of
freedom reside only in the symmetric part of the connection. In this
sense, f(R) actions cannot be considered representative examples of
generic higher order metric-affine theories.
From an effective field theory perspective it seems that there are dynam-
ical degrees of freedom in metric-affine gravity which appear to “freeze” at
low energies and can be eliminated in favour of extra matter interaction.
This implies that a possible low energy manifestation of metric-affine grav-
ity could be revealed in matter experiments in terms of such interactions,
but the phenomenology of metric-affine theories is not limited to that. It
is much richer and it includes extra propagating degrees of freedom, which
can potentially be detected. A typical, but certainly not the only, example
would be the presence of propagating torsion, whose consequences have been
studied in a limiting setting [35].3
3See also Ref. [36], which appeared during the completion of this manuscript, and
references therein.
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It goes beyond the scope of the current study to examine further the
phenomenology of metric-affine gravity. It would be very interesting to un-
derstand in more detail how the extra degrees of freedom behave in the regime
where they are dynamical and how exactly do they modify matter interac-
tions at low energies. It is also crucial to examine the predictions of such
theories for energy conservation and violations of the various formulations
of the equivalence principle. Such considerations would allow us to place
constraints on metric-affine theories.
A probable point of concern can be our use of the generalized minimal
coupling principle. One could argue that it is not compatible with our effec-
tive field theory perspective as radiative corrections would not respect such
a principle. One could also feel uneasy treating non-metricity and torsion
on a different footing. Indeed, the minimal coupling principle is used here
mostly as a way to reduce the number of terms one has to take into consider-
ation and it should not necessarily be considered as a fundamental principle.
Abandoning it and considering the most general action possible is the next
step.
As a closing remark, we would like to mention the following. Clearly, one
might question how fundamental is the geometrical interpretation of metric-
affine gravity. In fact, since for second order actions one can always eliminate
the independent connection, the latter can be regarded as an auxiliary field.
Even for actions with higher order terms though, where degrees of freedom
residing in the connection will be excited, one could have an equivalent rep-
resentation without an independent affine connection (recall that an inde-
pendent connection can always be written as the Levi-Civita connection plus
a tensor). Indeed, which representation one choose is a matter of preference,
at least at a classical level, as the dynamical content of the theory is one
and the same. On the other hand, it is worth pointing out that the choice of
representations becomes a factor when constructing the action of the theory.
It influences our choices regarding the presence of some terms by making
some exclusion principles, such as minimal coupling and its generalizations,
more or less appealing (see also Ref. [24] for a more general discussion on this
issue). This is a subtle point that needs to be taken seriously into account.
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